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Abstract
Here, we construct infinitely many number fields of any given degree d > 1 whose class numbers have
many prime factors.
© 2008 Elsevier Inc. All rights reserved.
MSC: primary 11R58; secondary 11R29
Keywords: Class number; Prime numbers
1. Introduction
Let K be a number field. Write CK and hK for the class group of K and the class number of K.
Here, we prove the following theorem.
Theorem 1. Let d  2 be a positive integer. Then there exists a sequence of number fields K of
degree d whose class numbers tend to infinity such that the inequality
ω(hK)  log loghKlog log loghK
holds for each one of these fields K. The implied constant depends on d .
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number tends to infinity such that the inequality
ω(hK)
(
1 + o(1)) log log loghK
log log log loghK
as hK → ∞
holds for all such fields K. Thus, Theorem 1 above both improves and generalizes the result
from [1].
For the proof of Theorem 1, we follow Nakano’s construction from [7] of number fields K
having class number divisible by a fixed number n, but we find an explicit upper bound on the
absolute value DK of the discriminant of such a number field. We also present an alternative
proof for the case of the real quadratic fields which is much more direct yet it achieves the same
bound.
In what follows, we use h,p,q, r, s, t, u with or without subscripts for prime numbers. We
use the Vinogradov symbols ,  as well as the Landau symbol O with their usual meaning.
We recall that the statements A  B , B  A and A = O(B) are all equivalent to the fact that
|A|  cB holds with some constant c. The constants implied by them might depend on our
parameter d . We use c0, c1, . . . for computable constants which may depend on d and are labeled
increasingly throughout the paper.
2. Preliminary results
We begin by stating the following result by Lagarias, Montgomery and Odlyzko [3] concern-
ing the size of the smallest prime ideal in an algebraic number field having a prescribed value of
the Artin symbol. For an extension K ⊆ L we write NL/K for the relative norm.
Lemma 1. There exists c0 which is absolute such that for every finite Galois extension K ⊆ L
of number fields and every conjugacy class C ⊂ Gal(L/K), there exists a prime ideal p of K
satisfying:
(i) p is unramified in L;
(ii) the Artin symbol [L/K] equals C;
(iii) NK/Qp= p is a rational prime;
(iv) p  2Dc0
L
.
We shall need a few consequences of Lemma 1.
Lemma 2. Let L be a number field and let E1 and E2 be Galois extensions of L such that E1 is
cyclic and E1 ∩ E2 = L. Then there exists a prime ideal p of L of degree 1, which remains inert
in E1 but splits completely in E2, such that
NL/Q(p) 2Dc0E1E2 ,
where E1E2 is the compositum of E1 and E2.
Lemma 3. Let f (X) ∈ Q[X] be irreducible of degree d > 1 and let L be the splitting field of
f (X) over Q. Assume that the Galois group Gal(L/Q) ⊆ Sd contains a cycle of length d . Then
there exists a prime p  2Dc0 such that f (X) is irreducible mod p.L
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field K.
Lemma 4. Let K be a number field of degree d . Then
hK 
√
DK(logDK)d−1.
The last lemma in this section is an upper bound due to Heath-Brown [2] on the least prime
number in a given arithmetic progression. Let 1 a  b be coprime integers. Put
Λ(a,b) =
∑
p≡a (mod b)
b4.9pb5.5
1
p
.
Recall that π(x;a, b) stands for the number of primes p  x congruent to a modulo b. Note that
a trivial upper bound on Λ(a,b) is achieved via the Brun–Titchmarsh theorem, which, by partial
summation, implies that
Λ(a,b) 
b5.5∫
b4.9
dπ(t;a, b)
t
 1
φ(b)
. (1)
Heath-Brown showed a lower bound of a comparable order of magnitude as the upper bound on
the amount Λ(a,b) (for its proof, see the combination of Lemma 14.2 on p. 328 and inequality
(15.10) on p. 331 in [2]).
Lemma 5. We have
Λ(a,b)  1
φ(b)
.
In particular, we have the following immediate corollary.
Corollary 1. The estimate
π
(
b5.5;a, b)− π(b4.9;a, b) b3.9
holds uniformly in 1 a  b with a and b coprime.
3. A construction of Nakano revisited
3.1. The general construction
In [7], Shin Nakano gave a complicated construction of a number field K of fixed degree
d > 1 having its class number hK divisible by a given positive integer n. In fact, his construction
gives the slightly better result that the class group CK of K contains a subgroup isomorphic to
(Z/nZ)r2+1, where r2 is, as usual, half of the number of complex conjugates of K. For us, d will
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with respect to d . Before stating Nakano’s result, we introduce some notation.
For a natural number b and a prime p ≡ 1 (mod b), (
p
)b denotes the bth power residue
symbol modulo p, that is (
x
p
)
b
≡ x(p−1)/b (mod p) ∈ (Z/pZ)×,
for a rational integer x coprime to p. For a positive integer d we put
W(d) = lcm[1, . . . , d].
Note that W(d) is divisible by φ(m) for all m  d , where φ(m) is the Euler function of m. In
particular, W(d) is a multiple of the order |WK| of the group of torsion of any number field K of
degree not exceeding d .
Lemma 6. Let d  2 and n 2 be integers with n square-free. Let
f (X) =
d∏
i=1
(X −Ai)+Cn, (2)
where A1, . . . ,Ad and C are integers. Assume that there exist d + 1 primes p1, . . . , pd−1, q ≡ 1
(mod W(d)n) and r as well as integers B and D satisfying conditions (i)–(viii) below and let θ
be a root of f (X). Then K = Q(θ) is a number field of degree d such that n | hK.
(i)
d∏
i=1
(B −Ai) = Dn −Cn;
(ii) (−1)d
d∏
i=1
Ai +Cn ≡ 0 (mod p1 · · ·pd−1q);
(iii) gcd
(
d∑
i=1
∏
1jd
j =i
Aj ,p1 · · ·pd−1q
)
= 1;
(iv)
(
Aj
pi
)
r
= 1,
(
Ai
pi
)
r
= 1, for all 1 j < i  d and r | n;
(v)
(
Aj
q
)
r
= 1 and
(
B
q
)
r
= 1, for all 1 j  d and r | n;
(vi) gcd(Ai −Aj ,C) = 1, for all 1 j < i  d;
(vii) gcd
(
d∑
i=1
∏
1jd
j =i
(B −Aj),D
)
= 1;
(viii) f (X) is irreducible.
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2r2 = d) and under this extra condition he is able to deduce that in fact CK contains a subgroup
isomorphic to (Z/nZ)r2+1. We shall not need this condition.
We just need to find parameters satisfying the above conditions and bound them effectively in
terms of d and n. We follow pp. 66 to 74 of [7].
3.2. Choice of Fi(X) for i = 1, . . . , d
Define F1(X), . . . ,Fd(X) ∈ Z[X] as follows:
F1(X) = Xn − 1;
Fi(X) = X2i−1n + 1, for all 2 i  d − 1;
Fd(X) =
(
Xn + 1)(X2d−1n + 1).
Put N = 2dn. Put also μi = degFi(X) and let
Fi(X,Y ) = YμiFi(X/Y ) ∈ Z[X,Y ]
be homogeneous polynomials in two variables with integer coefficients of degrees μi for i =
1, . . . , d .
3.3. Choice of q
Lemma 7. There exist infinitely many primes q ≡ 1 (mod W(d)N) such that for some w ∈ Z we
have (
w
q
)
r
= 1 for all r | n and
(
(w + 1)d − 1
q
)
N
= 1.
Furthermore, such a prime q can be chosen such that
q  exp
(
c1n
2 log logn
)
.
Proof. Except for the bound on q , this is Lemma 4 in [7]. For the proof, Nakano puts ζm for a
fixed primitive mth root of unity, L = Q(ζW(d)N ) and takes p1 and p2 two prime ideals of L such
that (p2, dn) = 1. Since dn  n is a number having < 2 logn/ log logn distinct prime factors
once n is sufficiently large with respect to d , we get that p2 can be chosen to be a prime ideal of
L dividing some rational prime < 3 logn. Taking π1,π2 ∈ L× to be prime elements of p1 and p2
and β ∈ L× such that
β ≡ π1
(
mod p21
)
and β ≡ −1 + ζd + π2
(
mod p22
)
,
he further shows that β is a prime element of p1 and that (β + 1)d − 1 is a prime element of p2.
Thus, putting E1 = L(β1/n) and E2 = L((β+1)d −1)1/N ), he gets that E1 and E2 are extensions
of L of degrees n and N , respectively, with E1 cyclic, p2 is unramified for E1 and totally ramified
for E2. Thus, E1 ∩ E2 = L, and so one can choose a prime q of L of degree 1 (hence, rational)
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scale
q Dc0
E1E2
 DNc0
E1
DnE2 =
∣∣NL/Q(β)∣∣O(n) exp(O(n2))= exp(O(n2 log logn)),
which implies the desired conclusion. It only remains to notice that since q is of degree 1, one
can choose w ∈ Z such that w ≡ β (mod q) in L. 
3.4. Choice of pi for i = 1, . . . , d − 1
So far, we know that q does not divide d because d | W(d) and q ≡ 1 (mod W(d)N). We
now take distinct primes p1, . . . , pd−1 with pi ≡ 1 (mod W(d)n) such that pi ∈ [(W(d)N)4.9,
(W(d)N)5.5] for i = 1, . . . , d − 1. By Corollary 1, the number of primes congruent to 1
(mod W(d)N) in the above interval is
π
((
W(d)N
)5.5;1,W(d)N)− π((W(d)N)4.9;1,W(d)N) (W(d)N)3.9,
so it is indeed possible to choose d − 1 such distinct primes, all different than q , for large values
of n. Since n > 1, such primes exceed (W(d)N)4.9 > 7, so pi divides neither qN , nor Fj (1) for
2  j  d . Since φ(pi − 1) > 3, one can fix x ∈ Z such that x2 − (m − 2)x − 1 ≡ 0 (mod pi)
and x is a primitive root modulo pi for all i = 1, . . . , d − 1. By the Chinese Remainder Lemma,
x can be chosen on a scale of
∏d−1
i=1 pi = nO(1). We also choose y and z such that
yN ≡ −1 (mod q) and zN ≡ (w + 1)d − 1 (mod q),
which is possible by the choices of q and w. Clearly, y and z may be chosen on scale of q .
3.5. Choice of B and hi for i = 1, . . . , d − 1
We choose a rational integer B such that
B ≡ x−1 (mod pi) for all 1 i  d − 1,
and B ≡ w (mod q). By the Chinese Remainder Lemma, B can be chosen on the scale B 
q
∏d−1
i=1 pi = exp(O(n2 log logn)).
We choose primes h1, . . . , hd−1 satisfying the following congruences:
hj ≡
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
Fj+1(1)
x−1+1 (mod pi) for all 1 i  d − 1 with i = j ;
Fj+1(1)
x−1+x (mod pj );
Fj+1(z,y)
w+1 (mod q);
1 (mod N)
in the interval [M4.9,M5.5], where M = Nq∏d−1i=1 pi . This is possible for large n by Corollary 1.
Since n > 1, it is clear that all such primes satisfy
hj > 2Fj+1(1) for all j = 1, . . . , d − 1.
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max{hj : j = 1, . . . , d − 1}MO(1) = exp
(
O
(
n2 log logn
))
.
We also put h0 = (h1 · · ·hd−1)−1 and observe that h−10 is an integer.
3.6. Constructing sets of primes S , T and U
Next we choose sets of primes S , T and U consisting of elements s, t and u fulfilling the
following congruences:
s ≡ 1, t ≡ 1, u ≡ 1 (mod p1 · · ·pd−1);
s ≡ 1, t ≡ y, u ≡ z (mod q);
s ≡ 1, t ≡ 1, Fi+1(u) ≡ 0 (mod hi) (1 i  d − 1) (3)
in the interval [Z4.9,Z5.5], where Z = M∏d−1i=1 hi = Nq∏d−1i=1 (pihi). The only detail to be justi-
fied is the last congruence. Since hi is a prime congruent to 1 (mod N) and Fi+1(X) = XN/2 +1,
one has that there exists a congruence class u modulo hi such that Fi+1(u) ≡ 0 (mod hi).
Indeed, one can take u to be ρ(hi−1)/N , where ρ is a primitive root modulo hi , and then
Fi+1(u) ≡ ρ(hi−1)/2 + 1 ≡ 0 (mod hi). Furthermore, since u is invertible modulo hi , Dirichlet’s
theorem on primes in arithmetic progressions insures that u can be taken to be prime. By the Chi-
nese Remainder Lemma and Corollary 1, primes s ∈ S are in the progression S0 (mod Z), primes
t ∈ T are in the progression T0 (mod Z), and primes u ∈ U are in the progression U0 (mod Z)
for some suitable integers S0, T0,U0. Furthermore, the inequalities
min{#S,#T ,#U}  Z3.9
and
n4.9  p1  Z  MO(1)  exp
(
O
(
n2 log logn
)) (4)
hold.
3.7. Choice of C, D and Ai for i = 1, . . . , d
Given primes s1, . . . , sd in S , t ∈ T and u ∈ U , we set
Ai = B − h−1i−1sni Fi(u, t), for all i = 1, . . . , d;
C = t2d
d∏
i=1
si;
D = u2d
d∏
si .i=1
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Fi(u, t) ≡ Fi(u) ≡ 0 (mod hi−1) for all i = 2, . . . , d (see congruences (3)) and the fact that
h0 = (h1 · · ·hd)−1.
3.8. Defining auxiliary polynomials H1(X), H2(X) and Gi(X,Y ) for i = 1, . . . , d
These polynomials will be needed in order to verify conditions (vi)–(viii) of Lemma 6. Fix
s1 < · · · < sd ∈ S . Put
σi = h−1i−1sni for all i = 1, . . . , d,
and define the polynomials Gi(X,Y ) for i = 1, . . . , d as well as H1(X) and H2(X) as follows:
Gi(X,Y ) =
∏
1jd
j =i
σjFj (X,Y )
∏
1j<kd
j,k =i
{
σkFk(X,Y )− σjFj (X,Y )
}
,
H1(X) =
∏
1i<jd
{
σjFj (X,0)− σiFi(X,0)
}
×
∏
I =∅
0ejn (1jd)
{∏
i∈I
{
σiFi(X,0)− σ1F1(X,0)
}2 − d∏
j=1
s
2ej
j
}
,
H2(X) =
d∑
i=1
∏
1jd
j =i
σjFj (0,X).
Let δi be the degree of Gi(X,Y ) for i = 1, . . . , d and δ′1, δ′2 be the degrees of H1(X) and H2(X),
respectively. Then certainly
δ = max{δ1, . . . , δd , δ′1, δ′2} n. (5)
3.9. Verifying conditions (i)–(viii)
Lemma 5 in [7] shows that conditions (i)–(v) of Lemma 6 are satisfied for the choices of
the parameters p1, . . . , pd−1, q,A1, . . . ,Ad,B,C and D. Lemma 6 in [7] shows that conditions
(vi)–(viii) are fulfilled provided that none of the congruences
Gi(u, t) ≡ 0 (mod si) for any i = 1, . . . , d;
H1(u) ≡ 0 (mod t);
H2(t) ≡ 0 (mod u) (6)
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now look at the pairs (u, t) ∈ U ×T which fail one of the incongruences (6). To measure this, let
Γ = Λ(T0,Z)Λ(U0,Z) =
∑
t∈T
u∈U
1
tu
.
On the one hand, by Lemma 5, we have that
Γ  1
φ(Z)2
. (7)
We now compute the contribution to Γ arising from pairs (t, u) failing one of incongruences (6).
Assume, say, that H2(t) ≡ 0 (mod u). Let Γ1 be contribution to Γ arising from such triples. It is
evident from basic field theory that t is in at most δ′2  δ = O(n) congruence classes modulo u
once u is fixed. Since t ≡ T0 (mod Z), we get that t ≡ T0,j (mod Zu), for some j = 1, . . . , ju  δ.
By the Brun–Titchmarsh theorem, we get that
∑
Z4.9tZ5.5
t≡T0,j (mod Zu) (j=1,...,ju)
1
t
 ju
Z4.9
+ 1
φ(Zu)
 n
Z4.9
+ n
φ(Z)u
.
Summing up over all the possibilities for u, we get that
Γ1 =
∑
(u,t)∈U×T
H2(t)≡0 (mod u)
1
tu

∑
u∈U
∑
Z4.9tZ5.5
t≡T0,j (mod Zu) (j=1,...,ju)
1
ut
 n
Z4.9
∑
u∈U
1
u
+ n
φ(Z)
∑
u∈U
1
u2
 n
Z4.9
Λ(U0,Z)  1
φ(Z)2
(
nφ(Z)
Z4.9
)
= o(Γ ),
where the last estimate follows by estimate (7) as n → ∞, because n = O(Z1/4.9) = o(Z) thanks
to (4). In a similar way one shows that
Γ2 =
∑
(u,t)∈U×T
H1(u)≡0 (mod t)
1
ut
= o(Γ )
as n → ∞, as well as
Γ3 =
d∑
i=1
∑
(u,t)∈U×T
1
ut
= o(Γ )
Gi(u,t)≡0 (mod si )
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and t are such that Gi(u, t) = 0, then t is in some arithmetic progressions Ti,u,j (mod si), where
j = 1, . . . , ju,i  δ = O(n). Since also t ≡ T0 (mod Z), it follows, by the Chinese Remainder
Lemma, that t ≡ T ′i,u,j (mod siZ), where j = 1, . . . , ju,i . Thus, for fixed u and i we have
∑
t∈T
Gi(u,t)≡0 (mod si )
1
ut
 1
u
ju,i∑
j=1
∑
Z4.9tZ5.5
t≡Ti,u,j (mod siZ)
1
t
 n
uZ4.9
+ 1
uφ(siZ)
 n
uZ4.9
uniformly in i ∈ {1, . . . , d} and u ∈ U . Summing up over all the values of u ∈ U , we get that
Γ3  n
Z4.9
∑
u∈U
1
u
 n
Z4.9φ(Z)
 Z
1/4.9
Z4.9φ(Z)
= o
(
1
φ(Z)2
)
= o(Γ )
as n → ∞, which is what we wanted. Hence, if n is sufficiently large, we get that
Γ > Γ1 + Γ2 + Γ3,
so, in particular, there exists a pair of primes (u, t) ∈ U × T fulfilling all the incongruences (6).
Thus, conditions (vi)–(viii) are also verified for an appropriate choice of primes s1, . . . , sd , u
and t .
4. Proof of Theorem 1
From the construction, we see that
max
{|Ai |: i = 1, . . . , d}= ZO(n) = exp(O(n3 log logn))
and the same upper bound holds for |C|n. Thus, the height of the polynomial f (X) given at (2)
is bounded above as exp(O(n3 log logn)). In particular,
max
{∣∣θ(i)∣∣: i = 1, . . . , d} exp(O(n3 log logn)),
leading to
DK 
∏
1i<jd
∣∣θ(i) − θ(j)∣∣2 = exp(O(n3 log logn)).
Thus,
n 
(
logDK
log log logDK
)1/3
.
Using Lemma 4, we get that logDK  loghK , therefore
n 
(
loghK
)1/3
.
log log loghK
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n =
∏
pT
p,
then, as T → ∞, we have
logn =
∑
pT
logp = (1 + o(1))T ,
by the Prime Number Theorem. This leads to
T  logn  log loghK.
Since Lemma 6 implies that n | hK , we get,
ω(hK) ω(n) = π(T )  TlogT 
log loghK
log log loghK
,
and we have therefore obtained one field K satisfying the condition from Theorem 1. Letting
T tend to infinity, we get infinitely many such number fields K whose class numbers tend to
infinity.
5. Real quadratic fields
In this section, we prove a stronger result than Theorem 1 in case of d = 2 by a different
argument.
Theorem 2. There exists a sequence of real quadratic number fields K whose class numbers tend
to infinity such that the inequality
ω(hK)  log loghKlog log loghK
holds for each one of these number fields K.
Proof. Let n be even integer which is not a multiple of 4 and let p be a prime such that Xn − 2
is irreducible modulo p. We write
pn + 1 = dz2,
for some positive integers z and d , where d is square-free. We look at the real quadratic field
K = Q(√d). It is shown in [5] that n divides hK assuming that d = 2.
When d = 2, then (pn/2, z) is a solution of the Pell equation X2 − 2Y 2 = −1. If 3 | n, then by
writing n = 3n1, we have that (pn1, z) is a solution (Y,Z) of the Diophantine equation Y 3 + 1 =
2Z2. But this equation has only finitely many integer solutions. Thus, there can be at most finitely
many primes p for which d = 2 and 3 | n. Let p1 be an upper bound for the largest such prime.
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this polynomial. If ζ is a primitive root of unity of order n, then the Galois automorphism σ ∈
Gal(L/Q) given by σ(21/n) = 21/nζ and σ(ζ ) = ζ has the property that σ j (21/n) = 21/nζ j . In
particular, σ j is the identity if and only if n | j , and so σ is a cycle of length n as an element
of Sn. Thus, we are indeed entitled to apply Lemma 3. It is easy to see that L = Q[21/n, ζn].
Hence, [L : Q] = nφ(n) n2, so
DL = exp
(
O
(
n2
))
.
There exists therefore a prime p = p(n) exp(O(n2)) such that Xn −2 is irreducible modulo p.
We claim that p(n) → ∞ as n → ∞ through even square-free values. Indeed, if this were not
the case, then there would be a prime p0 such that p0 = p(n) for infinitely many square-free
values of n. Let r be a square-free positive integer such that gcd(r,p0 − 1) = 1 and r | n0 for
some square-free n0 with p(n0) = p0. Since gcd(r,p0 − 1) = 1, it follows that 2 has an r th root
modulo p0. Let x0 such that
xr0 ≡ 2 (mod p0),
so x0 is an r th root of 2 modulo p0. Hence, the polynomials Xn0/r − x0 and Xn0 − 2 have
a common root modulo p0, contradicting the irreducibility of Xn0 − 2 modulo p0. So, indeed
p(n) → ∞ as n → ∞ through even square-free values.
For a positive integer T consider again n =∏pT p. We take T large enough so that 3 | n
and p = p(nT ) > p1. We write
pn + 1 = dz2.
Then d = 2. Setting K = Q(√d), we get that
ΔK  d  pn  exp
(
O
(
n3
))
implying that n  (logΔK)1/3  (loghK)1/3, where for the last inequality we used again the
fact that hK 
√
ΔK logΔK, which is Lemma 4. By the result from [5] quoted above, we know
that n | hK. By the Prime Number Theorem, we have T  logn, so
T  log loghK,
leading to
ω(hK) ω(n) = π(T )  TlogT 
log loghK
log log loghK
.
Letting T tend to infinity, we get again infinitely many real quadratic fields K whose class number
tend to infinity with the desired property. 
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Nakano fixes the signatures of the resulting fields K; i.e., the pair of nonzero integers (r1, r2),
with r1 + 2r2 = d , where r1 and r2 denote the number of real and complex places of K, re-
spectively, and proves that the corresponding ideal class group contains a subgroup isomorphic
to
(Z/nZ)r2+1.
If we could use this result to its full strength, then we would prove that given positive integers
r1, r2 with r1 + 2r2 = d there are infinitely many number fields K of degree d with exactly r1
real places whose class numbers tend to infinity and
ω(hK)  log loghKlog log loghK . (8)
In order to prove this we need to choose primes s1, . . . , sd , t, u as in (3) satisfying an additional
condition
s1 < s2 < · · · < sd < t < u < (1 + )s1
where 1 +   21/ν0 . Siegel–Walfisz theorem on primes in arithmetic progression would give
π
(
exp(
√
Z)+ y,Z,a)− π(exp(√Z),Z,a) exp(
√
Z)
Z3/2
for y  exp(√Z) and (a,Z) = 1. Using this we can prove the existence of infinitely many num-
ber fields K of degree d with exactly r1 real places whose class numbers tend to infinity and
ω(hK)  log log loghKlog log log loghK
which is weaker than (8). A wayout is possible if we could use the following result of Gallagher
(see Lemma 2 of [6])
π
(
qb + y, q, a)− π(qb, q, a)= 1
φ(q)
(
li
(
qb + y)− li(qb))(1 +O(e−cb + e−√b logq)),
where y  qb, (a, q) = 1 and b, c > 0 are large constants and Siegel zero does not exists for
characters mod q . But at present we do not see a way to construct a Z fitting this requirements
and leave it as a challenging task to an interested reader.
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